Coloring Dominoes*

If we suppose that any two dominoes touching at
either an edge or a corner must have different colors.
Then we can show that at least five colors are required.

* Or more precisely, a region that is tiled with dominoes.
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Page 1 This is a configuration of dominoes that cannot be colored with four colors.




Page 2 We will prove it by contradiction. We assume that it can be colored
with 4 colors. The four squares in the center require all 4 colors.




Page 3 The domino above the four in the center must be either yellow or blue.
Since the entire figure has left-right symmetry, it suffices to try yellow.




Page 4 The domino labeled A can be any color other than yellow.
We will try each one in turn. First red.




Page 5 Now there is a domino that is forced to be colored blue.




Page 6 The two dominoes adjacent to the blue one are likewise forced.




Page 7 The next domino in this column is forced to be yellow. The domino
labeled X requires a 5t color, thus contradicting our assumption.




Page 8 On Page 3 we used a symmetry argument to say that the domino labeled ‘Y or B’ could
be colored yellow without loss of generality. If we had chosen blue, all the steps shown on
Pages 4 to 7 would be the same, except with different colors and reflected about the center.




Page 9 Choosing red for A didn’t work. Now we will try green.




Page 10 There is one domino that is forced to be colored blue.




Page 11 The two dominoes adjacent to the blue one are likewise forced.




Page 12 The next two dominoes going down are forced
to alternate between blue and green.




Page 13 Two dominoes to the left are forced to
alternate between yellow and red.




Page 14 The alternating patterns are forced to
continue, first blue, then yellow.




Page 15 There is still one place where a color is forced.
The upper left domino must be colored green.




Page 16 Moving counterclockwise around the left side, the
dominoes are forced to alternate between blue and green.




Page 17 At this point, no colors are forced.
We will first try red for the domino labeled B.




Page 18 The counterclockwise blue-green alternation is forced to continue for two
more dominoes, and we find that a 5t color is needed the domino labeled X.




Page 19 Therefore, we must try a different color for B.
The only color remaining is green.




Page 20 The dominoes below and to the right of B are
forced to be red, blue, and yellow, in that order.




Page 21 One domino farther to the right is forced to be green.




Page 22 The two dominoes adjacent to the green one are likewise forced.




Page 23 The next domino up is forced to be red, thus forcing us to
use a 5t color for the domino labeled X, a contradiction.




Page 24 Both choices for B have been exhausted, so now we must go
back and try a different color for A. The only one left is blue.




Page 25 The dominoes on either side of the yellow one are forced
to a particular color. The one on the right must be red.




Page 26 The two dominoes adjacent to the red one are likewise forced.




Page 27 The other dominoes surrounding the blue one just colored
are forced to be yellow, red, and green, in that order.




Page 28 Three more dominoes moving counterclockwise around the
green one are forced to be yellow, red, and blue, in that order.




Page 29 Now the horizontal domino below the
four in the middle is forced to be green.




Page 30 Three more dominoes moving clockwise around the green one
just colored are forced to be yellow, red, and blue, in that order.




Page 31 Two dominoes to the left of the same green one
are forced to be red and yellow, in that order.




Page 32 Two next two dominoes moving up are forced to be blue and green.
The domino labeled X requires a 5t color, contradicting our assumption.




Page 33 As we have run out of possibilities for A, we may conclude
that it is impossible to color this figure using only 4 colors.




